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SUMMARY

The theoretical study of the passive transport of Na— and K+ across biological
membranes is based on the assumption that both kinetic and thermodynamic proper-
ties of membrane influence the flux of ions. Two models were investigated. Model A
suggests the existence of two kinds of ion-exchange centers, one binding mainly
Nat and the other mainly K-. Model B suggests only one type of ion-exchange
center with a different affinity to Na+t and to K+. Only Model A provides the equation
which agrees with experimental data concerning the dependence of resting potential
on concentration.

INTRODUCTION

It is well known that the concentration of K+ inside cells is T0-20 times higher
than in the surrounding medium. For Na~ gradients of the same order but of opposite
direction are observed. Experiments performed with tracers show that there exists
an exchange of the ions between the cytoplasm and external medium. It means
the absence of any impermeable partition concerning these ions.

The observed difference in potentials of the cytoplasm and external medium
of the order 50-70 mV is determined by the existing concentration gradients of
the ions (see ¢.g. the reviews of refs. 1 and 2).

These features of the cell can be explained on the basis of equilibrium thermo-
dynamics if the cvtoplasm possesses the property of specific ion binding. However,
the measurements of activity and mobility of Nat and K' in axoplasm?- show
that K- is practically free and only 20-30°; of Na® is bound. Therefore, it can be
suggested that the specific properties of the cell membrane, but not of the cyvtoplasm,
determine the gradients of the ion concentrations. The resting potential occurs as
the result of a non-equilibrium stationary process, not because of some unsymmetrical
equilibrium ion binding. Such a concept is directly supported by the experiments
with artificial medium inside the cells. In the work of BLoUNT aAND LEVEDAHLS
sea water passed through the vacuoles of the alga Halicvstis cvalis. BARER of al. "
developed the method of replacement of the axoplasm of squid giant axons with
artificial solutions. In the works of Oikawa ef /1 and of TAsak1 ¢f al’'? the
artificial solution passed through a selected part of the axon. It was shown that
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the cell with artificial solution instead of cytoplasm possesses the ability to support
the high internal concentration of K* and the low concentration of Na*.

The diffusion along the gradient through permeable membrane determines
the difference of electrostatic potentials between the solutions divided by this mem-
brane. Using the “‘constant field” approximation suggested by GoLDMAN'3, HODGKIN
AND KaTz!* derived the formula for the resting potential, treated as diffusion potential
RT  Pgex’ + Pracxa” + Pocer”

& In —- (1)

Prex” - Pxacwa” — Peicet’

i

where ¢;” and ¢;”’ are the concentrations of the ions of species i inside and outside
the cell; AV = 17"-17" is the difference of electrostatic potentials; P; is the permea-
bility coefficient of membrane for the ion i; I, the IFaraday number; R, the gas
constant; 7', temperature in “K. If the Cl~ are in equilibrium, then
RT — Pgeg' — Pratxa
AV s = I e e [2)
F Preg” b Pxacxa”

ErsEnmMax axp CoxTi¥ indicate that the cell membrane can be treated as
an ion exchanger. In this case the diffusion equations give Eqn. 2 without the constant
field approximation, and the constant field can be obtained only if the immovable
ion-exchange centres are distributed homogeneously along the direction of ion
motion.

Eqn. 2 can also be obtained using the expressions for the diffusional fluxes
of the ions which were calculated by PARLIN AND EvRING' in their microscopic
theorv of 1on diffusion across membranes.

It must be emphasized that in the experiments using artificial variations of
the concentration of the solution at one side of the membrane, after the steadv
state is achieved, the concentration at the other side must also change. However,
the fluxes are so small that during the lifetime of the sample the steady state cannot
be achieved and the concentrations are practicallv constant during the measurements.
Therefore the concentrations in Eqn. 2 are considered as not interdependent and
independent of time.

Eqn. 2 well suits the experimental data concerning the concentration depen-
dence of the resting potential only if the concentration of K- in the external medium
is high enough'? or if this concentration is sufficiently small within the cell”. If the
external concentration is small, then its further decrease does not give the logarithmic
rise of the resting potential. The value 417 has some limiting value. The same is
observed if the internal K- concentration is greatly increased.

[t was shown by BARER of @Y that the change of the potential with the concen-
tration in the case of high internal K- concentrations occurs in such a manner that
the value Pgeg’ remains nearly constant, 7.e. Pk decreases if ¢x’ increases. The
authors suggest that an increase of the resting potential decreases the permeability.

The deviations of the experimental results from the theoretical Eqn. 2 can
be explained by the derivation of this formula not taking into account some features
of the transport mechanism. Many different models of transport have been proposed.
In the paper of HiLL axD KEDEM!™ twenty such models are collected and classified.
The aim of our work is to choose a mechanism of transport which explains in the
simplest way the observed dependence of the membrane permeability upon the
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concentrations of jons in solutions. Such a designation of mechanism is necessary
for the specification of the concept concerning the passive transport of ions.

Description of the model

Every derivation of Eqn. 2 is based on the assumption that the flux of ions
across the membrane depends linearly on the concentration gradient. This means
that the rate of motion is limited by free diffusion of the ions in the membrane
substance. The membrane is treated microscopically as an energetical barrier for
the ions whose height is different for ions of different species.

Let us suggest that the membrane can be saturated by ions: if many ions
have entered the membrane already, the entrance of succeeding ions becomes more
difficult. It is a kind of “‘negative cooperativity”’.

This suggestion is based on the low solubility of ions in fatty medium. The ions
can occupy only some selected positions near the charged ion-exchange centers.
These centers can move and the ions can move with them (the carrier model). The
centers can be immovable but distributed in such a way that ions can ‘jump’ from
one center to another (relay-race mechanism).

The dependence of the current of the potential is different in these two cases!s.
There are experimental indications in favor of the second model. We shall consider
the ion-exchange centers immovable.

The driving force for the passive transport is the gradient of electrochemical
potential. During the lifetime of the cell this gradient should drop, and the distri-
bution of ions between the cell and external medium should tend to reach equilibrium,
if the membrane did not contain some biochemical machine moving the ions opposite
to the gradient of the electrochemical potential. We shall not discuss the work of
the Na*—K+ pump in this paper. The mechanism of active transport is studied in
another work?®.

The basic assumption in our calculations is that the motion of ions is limited
by the membrane-solution frontier but not by diffusion in the membrane.

Two models of this kind can be suggested. The first model (Model A) contains
the ion-exchange centers of two species: the first species binds mainly K+, the second,
Nat. The second model (Model B): all centers belong to the same species, but their
affinities to different ions differ and there exists a competition between the ions.

Investigation of Model A

Let #;° be the total number of centers per unit volume of membrane possessing
the ability to bind the ions of species i; #; the number of these centers already occupied
by ions i; ¢1; the rate constant for the transition of the ion i from the intracellular
medium into the membrane; ¢y;’, the rate constant for the opposite process; g2i’
and go; analogous rate constants for the external surface of the membrane. In the
steady state the fluxes of the ions of given species moving per unit time across the
internal and external membrane surfaces are equal:

ro”

Ii = quici’ (% — mi) — qui'ni = qaini — gai’ci” (110 — ni) (3)

or
L— q1igeici’ —QH/'{]zi’Ci” _ (@)
q1i + g2i + quici’ + gai'ci
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Let us compare this formula with the expression obtained by HODGKIN AND
KaTz' and by PARLIR AND EVRING!S,

R
PiFAl {mf exp (- "1‘5'/") - (i/]
[ e D 5)
, FAT 5
RT [[ — exp ( - 7)—_[—)]
" 1

Instead of permeability coefficient P;, Eqn. 4 contains some effective value
Piett. depending on concentrations:

,
g1i'g2i i

eff.
i ~ o o ST
Y1icic g2 i 1y o g2

P (6)

Eqn. 6 shows that in the case of low intracellular concentrations P;¢fl- does
not depend on ¢;’, and in the case of high concentrations P;®!. decreases as ¢;'-1.
Such a behavior of the permeability coefficient was considered in the work of BAkERr
ot alb.

In looking for the dependence of the rest potential on the concentrations of
the ions, Equ. 4 can be used together with some form of a potential energyv curve
along the coordinate of motion of the ions ().

As it has been suggested that the rate of this motion is limited by the situation
at the membrane surface, potential energv can be described bv two maxima at the
surfaces and a minimum in the middle of the membrane. Let us express the potential
energy in the form U 4 21717, where sF17 is the electrostatic part. IFor simplicity
we assume that the curve U7(v) is symmetrical, and the asvmmetry of potential
energy is determined onlv by </'17 (Fig. 1). This assumption does not change the
principal results, but it diminishes the number of parameters involved in the theory.
Let the electrostatic potential in the centrum of membrane be equal to half the
sum of its values at the frontiers which are equal to the potentials in adjoining
solutions. Such values are used in the constant field approximation. The concentra-
tions in solution are relative, they are expressed as the ratio of the number of ions

UiX)+ zFV(x)

4

U™ zFvh
U+ zFV"

Ure zry!
eyt

UM +zF

U+ zFy!

X

- X

Ifig. 1. The potential energy curve along the coordinate of motion. a. Symmetrical barriers at the
membrane suriaces corresponding to the nonelectrostatic part of the potential. b. Potential cnergy
containing the electrostatic part. T, intracellular solution; L\, width of membrane; [1, external
solution.
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to the number of solvent molecules, in the same volume. The indices ' and * correspond
to quantities inside and outside the cell; index ™, to quantities in the membrane;
*, at the top of the energetical barrier.

According to the theory of rate processes®, all the constants ¢; can be expressed
as the product of AN, the width of the barrier, and the absolute rate (A7/h) exp
(— F*/RT), where £ is the Boltzmann’s constant, / is Planck’s constant, and F*
the free energy of activation. We get

ik = H exp

gox = IV exp

g’ = 117 exp

g1’ " exp [ =

where 11" = AX(&T /).

As has already been said, we can take for the ions in solutions Uy’ = [} = Ul
Employing our assumption concerning the potential curve we have U;'* = U;"* =
Ui*and I7"* =17, 17"* =} 17 L 1" = 2I'm, Let us denote

Wexp | - ——— %) ooy (8)
o () e
SR —17)
exXp S =7 (0)
! [ RT ]
( { KM -— L‘vk) (10)
expl-——————) =7
! rT 70K
We get from Eqn. 7
, , gk Ik
qix - 4280 = Yo q1x’ = —- 1 gox = — 1l (tr)
fk Tk
Putting Eqn. 11 into Eqn. 4, we get
nVewy (2 — ck” ,
I KU wr(cy K} (12)

vl s (e - ek

The dimension of ¢%%gi is the same as that of the permeability coefficient
Py in Eqn. 5. A kinetic parameter has to be estimated from the data on the activation
energy for the transport of ions across membrane. The parameter fi 1s a thermo-
d}'lldlnical quantity; it is the constant of equilibrium for the ions in solution and in
the exchange centers of membrane.

IFor the flow of Na* we get the similar formula

. —*) - ’”
PN Na¥ (ENa P2 — €xa”)

oAbyl fNEl(CNiL/ + cNa")

(13
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The condition of electroneutrality of the total flux is
Ixg 1T =0 (14)

Putting Eqns. 12 and 13 into Eqn. 14 we get the expression connecting the
resting potential (included in r) with the concentrations of ions:

o e
e ey NI N { FTSCNu CNa ] (15)
LTk TR L iNaleNany T TN Na . 5
T T T o L T, :
N R TN (ST N nlox U= b s fxa{eny 5 ona)

As ek’ — g S ena’ — exa’, we get Eqn. 2 from Eqn. 15 if fk = fxa and #Nagxa/
kgk = Pxa/Pr. The equality fx = fna means that the equilibrium properties of
the membrane do not depend on an exchange between K- and Na* and that the
membrane can discriminate these ions only kinetically. That is the basic assumption
of “diftusional”” theories™-16.

The logarithmic rise of the resting potential if ¢k’ - % or ¢k’ — o follows
from Eqn. 2. However, Eqn. 15 gives the observed saturation of 417, Let us express
¢k’ and ¢k, assuming these concentrations independent :

. Ixaln) [ xa(?) 1
k|1 IR IR Y U
, FIKTS K FRKEK
Oy T e s - - e (16)
. /Nzl(V)
- - K
rlg
, N Ixalv) | ) I'nalv) 1
s L] HL el LA
. rungYe i gV K
(K S - e (17)

/Nzx(l/)

T g
b’

I

By definition (cf. for instance Eqn. 3) the flux 7; is positive if it is directed
outwards from the cell. The passive flux of Na* is directed into the cell, therefore
Ixa(r) < o. The numerator of Eqn. 10 is positive and the denominator can become
zero at some value of » which we shall designate ;. As cx’ > 0, r, characterizes
the limiting value of the resting potential at ¢x’ — «. The form of Eqn. 17 shows
that there exists a limiting value of the resting potential for ¢k —- 0, determined
by the value 7, of the parameter 7, making the numerator of Eqn. 17 zero. We have

Ixa{r)
I Bl (18)
STANIGN
N Ixalre) | 1 INalra)
B U LA L S oA YRS E
KT o+ IR S (72 ro~l) = o (19)
ron ek cr” rank®2K

It is easy to see that for sufficiently high values of cx’ both equations give
equal values for r; and r,. It means that practically the same limiting value of the
resting potential corresponds to high internal or low external concentrations of K-.

Putting Eqn. 13 into Eqn. 18 we get the explicit expression for the limiting
value of the resting potential:

8 1 nrlK e niYKrfxa (L‘Nu' 1) cxa nxK 1 (20)
R 4 el -l [ —= — ==y ——— 0 20
fkeNa” nxa"¢Na ixalgNafi \oxy cxa” nxalg N freNa
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This equation connects some quantities which in principle can be measured
independently. If the permeability ratio ng%%k/nna¢na and the equilibrium constants
Jfx and fn, are known, the equation allows for an estimation of the theoretical value
of the limiting resting potential.

As fx and fya are not now known, but r; is a measured value, Eqn. 2o only
allows some predictions concerning fx. Let us write Eqn. 20 in the form

nna%Yna . .
***** fuririZexa” —ena’) — 712 = 1 == fNalcxa” — oxa) (21)

nrY K rn? 1

fie > ——tm e (

1Ra%8Na 71{CNa"71% — cxa')

Y]
v

For the estimation of ng%x/nNa’gna let us take Pg/PnNa ~ 10-100. The limit-
ing value 4V ~ 60 mV corresponds to 7, ~ 3.3. The concentration of Na~ in
sea water is 460 mM; it corresponds to cxa” = 8 mM. Let us take cna”/ena' =~ 10.
Putting these values into Eqn. 22 we get fx > 4-102—4-10% The rough experimental
estimation?! shows that the concentration of K+ in membrane is lower than in sur-
rounding medium. Our estimation of fx does not contradict those data, as the fun-
damental assumption followed states that the ions are not distributed homogeneously
in the membrane volume but are condensed around the exchange centers, whose
number in the membrane is limited. The “‘relay-race mechanism’ of the transport
can act if these centers are near one to another and the concentration of ions in
their neighborhood can be higher than in solution.

Investigation of Model B

In this case the steady-state fluxes of ions are described by the following
equations:

Ixg = q1NuCNa,(”U — #UNa) — QINa/”Nu

== ganalNa — g2Na Ny (70 — BNy — uK)

[
w

Iy = qixcg’(n% — nNa — #K) — QI 7K

o
= goxi K — G2 CK (M0 — nNa — nK)

where #9 is the concentration of the ion-exchange sites of the membrane maintaining
the passive transport of the ions; ¢i,¢;;’ are the rate constants for the crossing of
energetical barriers at the ith surface of membrane by ions of the species j.

We get the concentrations of ions in membrane from the following system
of equations:

(70— nxa — 7K) (1xaC¥a” — Goxa’tNa”) = nNa{f1Na’ — g2xa)

(24)
(120 — nny — 1R) (1ck’ + @er'cK”) = nr(@1x’ + 92x)
Exclading #k and nya from Eqn. 23 and using Eqn. 24, we get
T — n0 (111(6]21{01{/ — q1x'q2kCK” -
R Nk’ + 2K - q1kek’ — ¢2x’cK”  qixacya’ + t]-zxa'tfxiﬁ (25)
@1+ g2k qina’ + g2xa
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Comparison of Eqns. 25 and 5 shows that in this case the effective permeability
depends not only on the concentrations of the ions of given species, but also on
the concentrations of the competitive ions. Pret and Pxyttt depend equally on
the concentrations: they can differ only by a constant factor. Therefore the calculation
of AT with the use of Model B gives a result different from that in the case of Model
AL As a matter of fact, the difference of potentials depends on one parameter, i.c.
on the permeability ratio. 1{ the effective permeabilities for K- and Na- depend
on the concentration distribution in an identical manner, then the dependence of
the potential difference on the concentrations must be the same as in the case of
permeabilitics which do not depend on concentrations. Therefore Model B must
lead to I2qn. 3 for the resting potential. Let us show that this is true.

We can introduce in Model B the etfective number of sites accessible to the
ions of cach species. This number is determined by parameters ¢ and by the distri-
bution of concentrations. 1t can be seen that Eqn. 4 is transformed into Eqn. 23
il we put instead of ng? the offective number of exchiange centers corresponding

to Ko, equal to

0 eft. 1 Ok :
Iy i - 12010
1 Ok - Oxa
where
giiti - geici” !
Qi e 27)
i Y2

Thie value O is the ratio of probabilities of binding of the free ion of the species
to the free site in the membrane and ol the removal of this ion from the membrane.
This ratio inereases with the affinity of the jon to the exchange centers. I the athinity

of Na® is much smaller than the affinitv of K-, then Oy -€ Qg and ng" M o= 0%
It means that Model I3 leads to the same expression for the flux of K+ as Model A.
The larger portion of exchange sites belongs to K

Now instead of 12y, nk" we put the ratio of effective values iy ¢! ng? et
taken from Iigns. 26 and 27 into Eqn. 15 connecting the resting potential with

concentration. We get the equation
vt ok’ alrtexa o ona’) (28

where o 13 a quantity which does not depend on concentrations. Putting o = Pxa/Pr
and 7 from Eqn. g into Eqn. 28 we get Eqn. 2.

CONCLUSIONS

Thus experimental examination of Eqn. 2 allows one to distinguish the Models
A and B. The experimental data obtained by Baker ef l.7-? and Tasaxi ¢f al.'® show
that the resting potential cannot exceed some limiting value if we change the concen-
trations of K- in the intracellular and surrounding solutions. This result is explained
only by Model A. Model I3 cannot account for this effect of “saturation”.

The establishing of the passive permeability mechanism of biological membranes
is also important, as it is the beginning of the theoretical study of the generation
of nerve impulse in axons. The generation must be considered as the change of K+
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and Na- currents in definite order resulting from the additional difference of poten-
tials at the membrane of axon. It is known?? that switching off the mechanism of
the active transport does not influence the ability of membrane to produce the
spike. It means that the excitation changes the passive fluxes of Nat and K—. The
calculation of the external field action on these fluxes is the next problem of the
theory of transport processes in biological membranes.
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